per

to

2.
3.
4.
5.

9.

U (§) = g5 b @&/V'52)

Other values of the constants yield solutions of the Kawahara equation in the form of
iodic waves.

The author is grateful to S.S. Kucherenko and A.A. Alekseyev for checking the solutions
the equations quoted in this paper.
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NON-AXISYMMETRIC BUCKLING OF SHALLOW SPHERICAL SHELLS*

I.M. BERMUS and L.S. SRUBSHCHIK

The buckling of elastic shallow orthotropic spherical shells subjected
to a transverse load is investigated on the basis of geometrically
non-linear equilibrium equations in a non-axisymmetric formulation. By
using the method of finite differences and a continuation procedure in
the prameters in combination with a Newton operator method an algorithm
is constructed to determine the state of shell stress and strain in the
pre- and post-critical stages.

The upper critical loads (CL) of spherical shells are determined
for different external pressure distribution laws taking perturbing
factors such as initial harmonic and azimuthal imperfection directions
in the shape of the shell middle surface and analogous load deviations

*ppikl.Matem. Mekhan.,54,3,454-468,1990
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from a uniformly distributed load into account. Under the imperfections
mentioned, good agreement is obtained with the results for the upper CL
found by the theory of buckling and the initial post-critical behaviour
/i-4/. Special attention is paid to an investigation of the
non-axisymmetrical buckling of an isotropic spherical shell closed at the
apex. It is shown that the presence of small initial imperfections is
the reason for a substantial reduction in the upper critical load angd,
moreovey, its values can be determined by the formula for unimodal
buckling not at the least bifurcation point but at the one following if
the initial damage component proportional to the harmonic natural mode of
this second bifurcation point is predominant.

1. Pormulation of the problem. The equations of geometrically non-linear elastic shells
of transversally-orthotropic truncated spherical shells with initial damage can be written in
dimensionless variables in the form /5/

A(Sy, Sy Sq w) —w—1z, FI =T (p, z, 0) (.1
A(S4 Sy Se F) — {z*—%—w, w] =0

A{Sy, Sy Sy w) = 8 <w1V + %wlll) + 8, [_Z}rw . i o
)] s ]

x x

{w, F1 = LwlF + LFlaw — 2LwlF, hw = w”

1 1. [ . SN
r=—tw' +pw, lw=dpw—— (J=5-() () =()

z (x, e) == Z* (.T) + §§ ($, 9)» Z* (.’L’) = (A2 _ $2)/2, 0 < 3] < 2n

We will consider the system {1.1) together with the boundary conditions
[F=F =Tu = Tawlses, = 0 (1.2)
fw = w' = [\F = TyFlep =0 (1.3)

; | S 2 pe
D = F o SF, ToF = af” — 8, (4 — P S ) 4
S e R N A
- row I
T = aw™ + w" — Sylyw + 512(”};‘“” —a? )

The dimensionless quantities in (1.1)-{1.3) are related to the dimensional ones by the
formulas

w=gpr F= g =g |F [ 1= (2] + e 0.0)

_. P — -
= T=wmmwe O e

Xat 2 h gl A B
? ° ae

Here W 1is the deflection, @ is the Airy stress function, X is the transverse load
intensity, and p, & are polar coordinates. The function El,{p, 8) describes the initial
deflection of the spherical shell with middle surface H {1 — (p/a)’] where £ is a scalar par-
ameter, a is the radius of the reference contour, 4, is the radius of a circular hole with

centre at the point p=10, and H is the rise of a corresponding spherical segment. The
boundary conditions {(1.2) correspond to a free edge for o = a,, and {1.3) to a clamped edge
for p = a.
By using the relationships in /6/ the constants S; can be written in the form
o st R - 2( vy 2 )
bl_ﬂi——vw; ’ Sz"’;’;;‘___v‘;'{'t SS“‘Z{{""V) Ty — vt + kkz | ° (1'4)
Sa=ky, Sy=1, Sy=rkk,— 2v, Sv’:‘—sxo:""‘;"—:‘v Sy =k,
_ 1 vy, AU K B
Sa-*Su'——‘;;;z Sl?~—k;+——;q7c?'_» kl”‘"[;;’;’ kz—’?»

Ew, =Euv,

Here E,, E,, v,, v,, ¢ are, respectively, the Young's moduli, Poisson's ratios, and the
shear modulus.
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A relatively small number of papers /7-17/ consider the direct numerical computations of
the non-linear behaviour of spherical shells taking non-axisymmetric strains into account.
The solution of the initial boundary-value problem for an isotropic spherical shell is reduced
in these papers to the solution of a system of non-linear algebraic equations. For this all
the dependent variables in /9/ are sought in the form of cosine series in the azimuthal direc-
tion, and the system of ordinary differential equations obtained for the coefficients is then
discretized by using the method of finite differences. The Galerkin method is used in /10/
with a two~parameter basis. The system of non-linear algebraic equations is derived in /11-17/
by the method of finite differences in a two-dimensional mesh in a polar system of coordinates.

The present paper is among the last group. Unlike preceding investigations a new algorithm
is proposed here for calculating the state of stress and strain of .a shell in the post-critical
stage, and the upper CL is determined on the basis of a finite-difference analogue of the
buckling criterion.

2. Application of the method of finite differences. We will solve the boundary-value
problem (1.1)-(1.3) by finite differences. Assuming the state of stress and strain to be sym-
metrical about a plane drawn perpendicular to the plane of the shell base through the ray 8 =0
/12/, we separate the domain D = {A, <z <A, 09 1} into N equal parts along the radial
coordinate x and into M equal parts along the angular coordinate 8. Consequently, we obtain
the finite difference mesh (z,, 0,), where z, = A, + ah, 8, = yA0, & = (A — AN, 48 = n/M. we
introduce the 2 (N 4 1) (M + 1) dimensional column vector

Y= (Yo Y1 - - - Ym)s ¥» = (Woys Foyy wryy Frvo « - o, Wiys Fry)
Woy =W (Zqy 0y), v=0, 1, .., M;a=0,1, ..., N
that is formed by the manifold of values of the pair of functions w, F on the rays 6 =8,

at the mesh nodes. We replace the partial derivatives of the functions in system (1.1) by
known central finite-difference formulas by using a 13-point pattern. We have introduce nodes
outside the contour with the coordinates

(Bar Oy @ = —2, =4, N +4, N + 2, p=—1,0,.. ., M +1
(Zr Oy)y @ = 0,4, ..., N, y=—2, —4, M +1, M + 2
0., = —iAB, 2.; = Ay — ik, Ot = 7 + 1A

N =N+ ih, i =1, 2

to write central differences on the arcs = A, z=A —h, ¢ = Ay 2=A;+h (0<b6<xn) and
on the rays 6 =0, 8 =A8, 0 =0 — A8, 8 =n (A, <2< A). We eliminate values of the functions
at nodes outside the contour by using the boundary conditions (1.2) and (1.3) under symmetry
conditions /12/

(o = F = w™ = Flomg.n = 0

We hence obtain a system of K =2 (N +- 1) (M + 1) non-linear difference equations from
{1.1)-(1.3), which we write in the operator mode

P(Y’p)=0rp=(P1sP2»-‘-7PK)rP:EK“’EK (2.1)
where Eyx is a Euclidean space of dimension X.

For p = p, let the solution Y (p,) of system (2.1) be known. We will calculate
Y (py + Ap) Dby using the Newtonian iterations

Yv (2o -+ AP) = 4y (po) + ,21 dyy 22)
Gy B = (B, 8F®, By, 8Fu®, .. ., Suld, 8FL),
: y=0,1, ... M

where ¢ is the given number of the iteration and &y, is the increment of the vector ¥y at

the 1-th iteration. These increments (along the rays) are found for m =1, 2, . t from the
system of linear algebraic equations
{(Py) [Y, po + Ap] §Ytm = P [Ym), p, + Apl 2.3)
Yim = (™, 5™, L, g, Ve = (8™, &5, ..., S5

¥ = yy (Po), y%" = yy (o) + gl oy, r=2,3,...
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Here Py’ (s, p) 1is the Freéchet derivative on the element a < Ex. The linear system (2.3)
has the form

Codyo + Bodyy + AoBys = do (2.4)

Dby, + Ci8y, + Bdy, + A,8y; = d,

Ey8yys + DyByy1 + CByy + BBy -+ Aydypee = dy v == 2.3, . . .,
M —
En-18ym—s + DpaSym-2 + Cu-10ynm-1 + BuaSysr = dya
Eyxbym-s + Daybyma + Caudyy = dy

The superscript 1 is omitted on the increments 8y in (2.4). The matrix of systenm
{2.4) has a five-diagonal block structure. The matrices Ay, B;, Cy, Dy, E; have dimensions
2(N +1) X2(N +1), where the matrices Ay, E, are diagonal B,, D, are seven-diagonal,
and C, are nine-diagonal. The vectors d,, d,, ..., dy defined by the right side have the
dimensionality 2 (N + 1). Because of their awkwardness the expressions for the matrix elements
of the system (2.4) are not presented.

We seek the solution of system (2.4) by matrix factorization formulas in the form /18/

Oyy = Upbyysr + Vibypye + 85, v=0,1, ..., M —2 (2.5)
8ym-1 = Unabyne + smran

To determine the factorization matrices U,, V, we obtain the formulas

Uy = —Cy By, Vo = —Cy 4y, 5, = Cyld, 2.6)
Ry = DU, + Cy, Uy = —Ry (DyV, + By), V, = —RA,
81 = Ry (dy — Dyso)y By = [Ey (UypoUyy + Vi) + DyUypy + Gyl
Uy = =R (EyUyg + Dy) Voy + Byl, Vy = —Ry74,
sy = Ryt [dy — By (UygSpq =+ Spog) — Dysyal

We first determine U,, V,, s, from (2.6) for 2<{y<{ M — 2, we then find Up.y, sy and
Sym = su. We later calculate 8y, successively for y=M—1,M—2,..., 0 by reversing the
factorization path by means of (2.5).

The iterations are performed until the inequality

max]Gy%,m) ]0<eomax(|l2 6y§71)lo)’ m< ! 2.7y
¥ v =1
|8y = max (| Swiyl, |SFQ), ..., | Swky |, | 8FR1),
0Ly M

is satisfied.

In an analogous manner, the solution is constructed for the next steps in the motion along
the parameter p for given values of g, and ¢. If the iteration process (2.2)-(2.7) does not
converge after t iterations, then the step Ap is halved and the process is repeated from
the point p,. The value-of the CL p* is determined by using an energy criterion for the
buckling of conservative elastic systems. The analogue of this criterion for finite-difference
equations /19/ results in evaluation of p* as the least positive root of the equation

M
det (Co) II sign (det (Ry)) =0 2.8)

=1

where Co and R, are matrices from (2.4) and (2.6).

In conformity with the above algorithm, a numerical program was realized on a computer
for which the correctness of its operation was confirmed by comparing the upper CL obtained
with the results obtained by others.

vValues of the upper CL p* (g) = 0.754, 0.712; 0.679, respectively, were calculated for
¢ = 0.01, 0.03, 0.05, for A =6,v =0.33 for an isotropic spherical shell, closed at the apex,
and subjected to a pressure distributed as 7T = 4p (1 + £ sin 6). These results are obtained on
a finite-difference 15x10 mesh that corresponds to the partition intc N = 15 equal intervals
along the radial coordinate and M= 10 equal intervals along the angular coordinate 0, where
/2 < 0 < 3n/2. The values obtained for p* () agree well with results known earlier: the
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quantity p* (0.01) is 3% less than p* (0) /20/ while the quantity p* (0.05) differs by 6-9%
from the value of the upper CL found /11/ by using another scheme of the finite-difference
method.

For the same spherical shell subjected to an external pressure distributed uniformly over
just half its surface (T'(p, z, 0)=T,(p, z, )=4p for 0O and T, (p, z, ) =0 for
7 <C 8 <C 2m) Or just over a quarter of the surface (T (p, z, )= T, (p, z.8) =4p for 0O
a/2 and T,(p,z,0) =0 for =x/2<CB < 2m), the results for the upper CL p* are given in
Table 1 (column A4) for A = 6, v = 0.33 together with the results obained by others; the number
of partitions N along the radial coordinate and M along the angular coordinate are also
presented for half (a quarter) of a spherical shell. It is seen that the results of this paper
and those of previous authors diverge by 5-7% in the case of the load 7, while the divergence

increases in the case of the load T,.

Table 1
Load A ‘ NXM [t1] [13} )] [15]
T, 0.566 I 22X8 0.68—0.72 0.665 0,66 0.681
T, 0.531 30x17 - 0.56 — 0,569

Moreover, the values py of the upper CL of the non-axisymmetric buckling of ideal ortho-
tropic spherical shells under uniform external pressure were corroborated. According to the
procedure developed in /20, 21/, these values of puy are determined from linear boundary-value

problems /6/

LY (s f) = An(Sy, Sy Say ) — —Aw," — Yhy. o, -+ (2.9)
1 ” ’
=z (e* + ﬁ)fn + (9* + ﬁ) l2' nfn =0, 12, nlly = %wn’_%: Wy,

1
LY (s fa) = A (a1 S50 8oy fu) — — O + B)10," — (O, + BY Ly, iy =0
1 ” 1

:
= T e —

n? " 1t -, 1 v d ,
"’n]—SaF(wn _T"’M?"’n)’ <)=E()’ B, =z,

An (81, 850 Sz w0,) = 8 (w;‘v +%w111n>_sz[

n? (n? — 2)

[fa = fa’" = Tamton = Ty yiolecn, = 0
[, = w," = Ty, ofp = Ty nfalecn = 0
Lo oo = I+ St Tacafu = 2" — S, [0+ ) f —2 20 1,] —
842 (2’ — fu) — Sela, nfs
Ty, oy =w," + Syl nwr, Ty o, = aw,” + w," — Sy, np —

2
n .
Spp—g (aw,’ —w,), n=1,2,...

The functions f (p, z), v (p, ) are determined from the non-linear boundary-value problem

Sy (2B 4 B) — Sy B— By + B ¥ + ¢ (p, 1) =0 (2.10)
Sy(@Y + W)~ Sy - O,B + P =0
2B + S1of = Pleza, = 0, [B = 29" + SPlemy = 0

B=—uw¥, v=F* o(p2)=_T(p1)vds
A,

Here the py are determined from the formula py = min, p,, where p, are the least eigen-
values and (w,, f,) are their corresponding vector eigenfunctions of the boundary-value problem
(2.9) and (2.10). Note that system (2.9) and (2.10) is derived from (1.1)-(1.3) as a result
of linearization with respect to the axisymmetric equilibrium (w*, F*) and subsequent expansion
of the solution in cosines of multiple arcs.

The results of computations by both methods are practically in agreement for T (p,z)= 4p.

For instance, for A =6, k, =15, k, = 3, v; = 0.25, r, = ag/a = 0.1, v = 0.33 p* — 0.497 according to
(2.2)-(2.8), while py= p,= 0499 according to (2.9) and (2.10). If r,=0.25 and the remaining
shell parameters are the very same, then p* = 0.337, py = p, = 0.344. Both results are determined
for p* by a finite-difference mesh of N X M =122Xx8 and g, = 104 in (2.7).
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Remuark. The system of non-linear difference Egs.(2.1) can be considered with respect to
a 2(M+ 1N + 1) ~dimensional column vector

Y = (*. 41*s - o NS Uat T (g0 Fops - - o Weap Fopphr e =01, .. ¥ (241

that is formed by a set of values of the function pairs w, F on the arcs z= 2z, at the mesh
nodes. The algorithm elucidated above was also realized for solving the non-linear system
{2.1) for the vector Y from {2.11). Formulas are obtained here that are analogous to (2.2)-
{2.8) but with g, 8y, M and N replaced, respectively, by y,* dy,* ¥, M. For N>M such a
method of solution is more economical as compared with that elucidated in Sect.2 since matrices
of the dimensionality 2(M-+1) X 2{M + 1) are used in {2.6) in place of matrices of the dimension
2N X2V 1) Note that in tne case of an isotropic spherical shell closed at the apex,
a variational-difference method in combination with the procedure of continuation in the load
parameter and Newton's method was used earlier in /12/ to determine the state of stress and
strain in the precritical state and to calculate the values of the upper CL. The system of
non-linear difference equations obtained in /12/ was solved for the vector Y in (2.11). It
turns ocut that the linearized system of equations in the vector Y in /12/ and system (2.4) have
an identical structure.

3. Modification of the finite-difference method for shell analysis in the post-eritical
stage. The algorithm (2.2)-{2.7) described in Sect.2 cannot possibly be used to continue the
solution in the post-critical domain since condition {2.8) is satisfied at the critical point
p*. To construct the solution in the post-critical stage we use the ideas of the adjustment
method /21, 22/. Assuming the point p* to be the limit, we replace motion in the parameter
p in its neighbourhood by motion in the parameter ¢ = wy, where j, k are indices of the mesh

node satisfying the conditions 1 <{j<{N -4, 1<k M —~1. In this case the vector
Z = (29 3y < 2M)y By = (Woy Foyy o Wy Fiy)
2 = (Wor, Fogs - « =y Wi, ks Fix 10 Pr Fpr W1, 10 Fuvw s oo wn e Faox)

is to be determined instead of Y in system {2.1), where Y takes all integer values between 0O
and m, except k. We calculate the values of 2z, by using the Newtonian iterations

‘
2y {Gy + Bg) = 2y (ga) -+ z% 525;)

where &z, is written as 8y, in (2.2) but with 8w, replaced by 8p. Here qﬂmwm is a
known value while Ag is the step in the motion in the new parameter. The increment Sz,00)
are determined from the system of linear equations

(P (20, qq ++ Agl 820 = —P [Z™, g, -+ Agl, 2,0 = z, (¢4}

r—1
i ) (o}
zi’” = 2y (go) -+ [2’1 625" £ 82" = (628"‘)' 6Z§” v oo O2hf » r>=2

which has the following form
(L + Q) 8Zm =d, d = (dy. dy, - . -, 8u) {3.1)

where L is a five~diagonal block matrix with a structure analogous to the matrix of system
{2.4). For a fixed value of k satisfying the condition 2<{k<{M — 2 all the matrices and
vectors, with the exception of Ax-zy Bi-1s Cxr Drets Eregy dint (§ = —2, —1, 0, 1, 2) are identical
with the corresponding matrices and vectors of the system (2.4). The block matrix  consists
of M +1 block columns whose elements are matrices of dimensions 2 (N -+ 1) X 2(N + 1). The
non-zero matrices exist here just in the (k + 1)-th block column o = (Q, @, ..« ). The
presence of this column does not allow direct application of the matrix factorization method
{2.5) and {2.6) to system (3.1).

The solution of system (3.1) using the matrix factorization method is constructed suc-
cessfully if auxiliary unknown vectors u, and matrices O, (y=0,1,..., M) are introduced
by means of the substitutions

8zy = uy — Dbz, y=0, 1, ..., M (3.2)

Here u, and @, are determined, respectively, from the system of scalar and matrix
equations
Ly = d, U == (um Uyy v v oy uM) (33)
LD = o, © = (D, ©,, ..., Dy

The first system in (3.3} is solved by the matrix factorization method by means of (2.5}
and {2.6) with 8y, replaced by u,. The second system in {(3.3) is solved by using the matrix
analogue of {2.5) and {2.6) with the vectors 8y, sy, dy replaced by the matrices @, G,, Q.
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The vectors u, and the matrices @, are determined for all subscripts ¢ Dby solving system

(3.3). Furthermore, by setting vy =%k we obtain 8z = (£ + @)t u, from (3.2), where E

is the unit matrix. Now, applying (3.2), we find &8z, for the remaining subscripts 7.
Note that the method considered, of inserting auxiliary unknown vectors and matrices, can

be extended to solving systems of the form (3.1) when the matrix Q contains additional non-

zero block columns besides the (k- 1) ~th block column. For example, we shall seek the

solution in the presence of the (I -4 1)-th (I 5% k) non-zero column in the form

b2y = u, — @0z, — 1,82

Computation of the state of stress and strain of a spherical shell under non-axisymmetric
deformations in the post~critical stage requires a considerable amount of electronic computer
time and memory. These increase sharply as the values of the parameter A increase.

In the case of axisymmetric deformation, the realization of the algorithm is simplified
since we have the boundary-value problem (2.10) in place in the system (1.1)-{1.3), while we
obtain a tridiagonal block matrix with matrix elements of dimensions 2x2 in place of the five~
diagonal block matrix with matrix elements of dimensions 2(N + 1) X 2(¥N 4 1) in the linearized
systems of equations of the form (3.1).

We will consider the uniform mesh z; = Ay + th {i==0, 1, ..., N) on the segment [Ag Al
with two nodes outside the contour 2., = Ay — A, zy; =A + A, where h = (A — AN, N is
the number of partitions. We introduce the mesh vector~function

Y = (y-h Yor + « yN+l)1 Y = (ﬁi? ‘Pi)’ i = ._..1, 0’ ce oy N -+ 1 (3'4)

in it formed by a set of values of the pair of functions §,¥ at the mesh nodes ;. Replacing
the derivatives of the functions with respect to T by central finite-difference formulas, we
obtain a system of non-linear difference equations of the form (2.1) from {(2.10), where E, is
a BEuclidean space of dimensions K = 2 (¥ + 3).

In this case system {2.1) is solved by using (2.2) and {2.3) in which

8Y = (8y.1, 8yos - - -, Oynsr)y Byy = (BByy Oy), i = —1,0, ..., N 41

and Y is defined in (3.4). The corresponding linear system, analogous to system (2.3), has the
tridiagonal block structure /2/

Goby, -+ Hobyy — Goby., = 0 (3.9)
Ciﬁyi—l + Biﬁyi “&L Aiayiﬂ = di» i = 01 1: s ey N (3.6)
~Gndyn-s + Hybyny + Gndyny = 0 (3.7

The matrices 4;, B, C; (i=0,1,...,N),G, H;(j =0, N) have the dimensions 2x2. System
{3.5)-(3.7) is solved by the matrix factorization method /2/.

On approaching the limit point p* the motion in the parameter p is replaced by motion
in the parameter ¢ == By == B (24), where k 1is any integer between 0 and N. Note that for a
numerical realization of the algorithm, the subscript X was assumed to be equal to the number
of the node at which the function § has the greatest change.

After substitution of the new parameter, the linear system

~Gobiy + Hedzy + Gobzy + Q482 = 0 (3.8)
Cibziq + Bibz; + Aid20s + Qdzp = d;, i =0, 1, ..., N (3.9)
—Gnbzn s -+ Hnban + Gudzyyy + Qnasdzy = 0 {3.10)

Z == {2y, gy « « o BNs1)y OZ = (82, Oz o . ., B2nuy)

By = (si’ "‘pi)» 62,- == (6ﬁi1 &pi)r = -1, 0,1, ..., N + 1, i~k
z = (p, Pu)s Bz = (Op, Oy)

; O & is
Q) =0y =0, Q= g‘ OL‘, i=~?—g%i)-, i=0,4,.... N

is obtained that can be solved by formulas analogous to (3.2} and (3.3).

We will present a more-efficient method of solving system {3.8)-{3.10) by using the
presence of one non-zero element in the matrices Q. Let 3 AN —3. First we eliminate
8z, from {3.9) for i=10 by using {3.8). Furthermore, we subtract 2i + 3 rows multiplied
by aja,, from the 2i-1 scalar rows for i=0,14,..., 4 —3 in {3.9). Then we subtract
2i +1 rows multiplied by a/a;.; from 2i4 3 scalar rows for i =N, N —1, ..., -+ 3.
We consequently have the linear system
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Bobz, + Aydz, + Lobz, = d, (3.11)
Cibz;,y + Bdz; + Ad2yy -+ Libzpue = dyy L == 1, 20 ...,
Cibtpy - Bz, + Adzpy — dsy i =k — 1, k. k 41
Mbzy + Cidziy + Bidz; + Adzyy = d;, i =k + 2,
k+3,.., N
—GnOzyoy + Hybzy -+ Gudanyy = 0

ko~ 2

Here A,;, B;, C;,L; and M; are new matrices obtained as a result of the above algebra.
System{3.11) has a five-diagonal block matrix with the structure shown in the figure (the
crosses denote the non-zero matrices of the system while the values of 7 in the column at the
left indicate the subscript ascribed to the block rows of system {3.11)). Such a structure
enables a solution to be sought by matrix factorization formulas in the form

82 w2 Uiy + Vibzpy + 5, 1 0,1, .., b —2
82, = Qibzyyy + 5, i =k — 1,k ... N
In the cases k=40 and k=1 for i=N N—1, ..., k+3, 2i+1 rows multiplied

by @a;a; are subtracted from the 2i + 3 scalar rows and the linear system obtained is
solved by formulas of three-point matrix factorization. The remaining cases are considered
analogously. For k¥ = N,N — 1, N — 2 the linear system is solved by the formulas of five-point
matrix factorization.

A graph of the dependence on p of the functional

A
1= {) [SB? + So B + Sio¥® + S, 592 —hpa? — AP | da
Ag

S84 (A) — §151,p° (AO)}

that is proportional to the potential energy of a uniformly loaded (I (p,z)=4p) rigidly
clamped isotropic spherical shell along the external edge,
v == 0.33.

a7
\ 8182 5.184 0.196
i
v T
|

is presented in the figure for A =10, A,== A/3,
The section of the curve distinguished by the circle is

rw? rm? A . .
5 \ 2.9 represented on a magnified scale in the upper right hand
o8 corner of the figure,

We note that an algorithm based on reducing the equilib-
rium equations to a boundary-value problem for a system of
first-order equations and by iteration continuation in the
numerical parameter being varied by using Newton's method and
the method of finite differences was developed /23/ to
investigate the axisymmetric post-critical behaviour of geo-
metrically non-linear shells of revolution.

4. The upper CL of orthotropic spherical shells with
initial imperfections. Because of the limitations of the
BESM-6 computer memory and speed of response, an analysis of
the non-axisymmetric deformation of shells in the precritical
stage was successfully performed by using the algorithm con-
structed in Sect.2 and the upper buckling CL was determined
only for small values of the parameter A. For an ortho-
tropic truncated spherical shell with non-symmetric initial
deflection E{{z, 8) = El{.(2)cos n® subjected to a uniformly dis-

tributed external pressure (T {p. =, 8) = 4p), the computations can be performed even for large
values of A taking into account the fact that problem (1.1)-{1.3) possesses the property of
cyclic symmetry with n axes & =ain{{=20,1,...,n—1), and therefore, it is possible to con-
fine oneself to the construction of a difference mesh in the domain D, = {A, <z < A, 00 < a/n).

Results of computations of the upper buckling CL p*
tropic spherical shells with initial deflection Ef=E (x — A (z— A)-cos nf
for k;==1.5, k= 3, v = 0.33, and

of the parameters A, r, & n

for a number of partitions N = 22
It is seen that an increase in the amplitude of the initial

coordinate in the domain B,

imperfections as well as an increase in the relative radius of the hole r,

reduction in the upper CL.

are presented in Table 2 for ortho-
for different values
These results are obtained
along the angular

vy = 0.25.
along the radial coordinate and M =

will result in a
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Table 2
A X1 BX10 n ‘ PrX108 B0 PpXi
8 2 2 2 473 457 548
8 2 A 2 428 403 548
6 10 i 2 458 456 499
6 10 2 2 433 430 499
[ 25 2 2 319 320 344
8 25 4 2 307 307 344
7 i 1 3 463 450 524
7 i 2 3 423 407 524
7 1 4 3 369 338 524

Nevertheless, the algorithm described enables one to estimate the effectiveness of the
use of the theory of buckling and initial post-critical behaviour /1-4, 6, 24/ to determine
the upper CL of spherical shells. According to this theory, when there are small harmonic
imperfections in the shell shape in the azimuthal direction and analogous load deviations from
a uniformly distributed one, the bifurcation point p, transfers under unimodal buckling to
the limit point p; that is determined by the formula /1-4/

{ps — po)T ==y | Bd | V<35, [E} 1 (4.1)
which is a result of solving the system of equations
Xy = Lagotnt® + Luae (p — Po) Ba F Lomd + o = 0, 8Xy/op, = 0 4.2)

The first of Egs.{4.2) is a bifurcation equation that is written down to an accuracy of
higher~order quantities, while the second equation is the buckling condition. Here p, is the
eigenvalue of the boundary-value problem {2.9) and {2.10) that has the eigenvector-function
(Wn, fr) c08 n8.  The parameters b and d in {4.1) are determined from the formulas

b= “‘Lsoo[‘;{‘m d= _‘Looil‘;}or Lygp + € 4.3)
4 ¢ 1
3t
Lsg = — ~%&" S [ﬁigl — gy — g~ & (Hiby - ffztz)] dx
AQ
A A s ) N o A 2
7t y I Ly
Lno*—"‘KTS %5!‘{@ !Lo:pl:";@'S S {{x, B)cosnB {T(W*”n—
A, 8 A,

B 1) — "y — ¥ + 1B+ 1B | dd
The functions in {4.3) are found from the linear boundary-value problems

1
Sy (2By) — a3 By — Phr — (8, + B) &1 = £1 () (4.4)

i
S fzar’) = S5 =01+ (8 + B) Br = ga (2)
{2By” + Spoby = oilpup, = 0 B = 20 + Syl = 0
1 1 ‘ , 1 PN

£1lx) =5 {n’ = wnfn) ' f } g {z) =g~ [""( x } “‘“{(wn’){f
LY (Hy Hy) =ty (@), L) (Hy, Hy) = & (2
{Hﬁ = Hy = Fa, 2n Hi = FA. 2)';[{1]::::\, =0
Wiy = Hy = Ty g Hy = Ty g Holp =0

2
2aty = {wyy fn, v+ [fas wpo n}4-2 "',;" fwal {fnl, 22ty = [wy, wy, Bl —

2 2 i
3;_. Ewﬂ} [w“}' [wn’ }"’ n} = Wy (fn( - %:fn)l [wﬂ] == w:';’ ""Twn

The upper CL of problem (1.1)-(1.3) can be obtained by the formula for p, from {4.1)~{4.3)
over a wide range of variation of the parameter A since for this only the boundayy-value
problem {2.9), (2.10) and (4.4) must be solved for systems of ordinary differential equations.

The effectiveness of using {4.1) to evaluate the upper CL for certain values of the par~
ameters A, r, & »n is illustrated by Table 2, in which values of p* are presented together
with p, for the upper CL evaluated by means of {2.2)-(2.8). These values differ by not more
than 9%. To estimate the influence of the initial imperfections on the reduction of the CL,
values of the critical loads p, of non-axisymmetric buckling of an ideal shell in a form
proportional to the harmonic cosn8 are represented in the last column of Table 2.
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5. The upper CL of isotropic spherical shells under uniform external pressure. The
results of calculating the upper CL by non-axisymmetric theory /20/ are in good agreement with
experimental data /7, 8/ and were confirmed /11, 21/. Meanwhile, experimental values of the
critical pressures obtained by Parmerter, Ivan-Ivanovskii, et al., Tillmann ({see /7, 25/),
Pogorelov /26/, Sunakova and Isida /27/, and Babenko and Prichko /28/ turned out to be somewhat
higher than the theoretical results /20/. The discrepancies obtained were recently explained
in /29/. Conclusions were drawn in /30/, on the basis of the results in /10, 29/, concerning
the complete agreement between the theory of large deflections /20/ and the experiment for a
rigidly clamped spherical shell subjected to uniform external pressure. Moreover, it was
established /30/ that the discrepancy between the theoretical values of the upper CL and the
corresponding experimental data as well as the spread in the experimental data themselves can
be satisfactorily explained if the imperfections are taken into account accurately.

The equilibrium equations of isotropic spherical shells closed at the apex with initial
deflection subjected to an external transverse load can be writen in dimensionless variables
in the form of a system of eguations with boundary conditions

| 1
A —[w—z, Fle=T{p, z, 8), AZF——gz—--Tw, w]:ﬂ 5.1)

Aw = Lw -+ Lw, z{z, 8) =1, (A — %) 4 El (s, &)
0L KA 0O 2n
1 2
L +?V’">+
1 1
2(1+v)(TF"'——F|F“)~l2F

fw=w = [ F = IyFl ., =0

1
TWF = F" — vlyF, I‘gF:xF”’—_Pv(—I— F o

System {1.1)~{1.4) changes into the boundary-value problem (5.1) for E;=f,=E, vy = v, =,
G =1,E/{1 + ). For this case, we should set

S =8, =8,=Sp=14, Sy=Se=2, Sg= v, Ss=2(1-F7v (5.2)

in {2.9), (2.10), (4.1)~(4.4) to determine p, by Koiter's theory.

Changes associated with'the conditions /12/ at the shell pole were substituted into the
system of finite-difference Egs.({2.1) for numerical computations of p* in the case of boundary-
value problem {(5.1) and {5.2). Note that problem (5.1) was reduced /11, 16/ to a system of
second-order equations solved by successive approximations by using the change of variables
Awe= 9, AF =¢,. A finite-difference method with a nine-point pattern was used here to solve
linear boundary-value problems at each step. The change of variables mentioned in the algorithm
of Sect.2 is inefficient since the volume of calculations increases considerably.

Results of computations for p* and p, are represented in Table 3 for the upper CL of
uniformly loaded spherical shells with the initial deflection

EL = §z™ (z — A) cos nB (5.3)

for A=6,A=7 and m=1. Values of the bifurcation points ps corresponding to the CL of
the buckling of an ideal spherical shell in the intrinsic form (wn,/n)c0s 70 are presented in
the last column. For m=1 the values of p* and the values of p, differ by not more than
2.2% for |E[< 002 as [E| increases this discrepancy increases and reaches 13% for §=0.1.

The results presented in Table 3 confirm that the presence of initial imperfections is
the reason for the reduction of the upper CL and, moreover, its values can be determined by
Koiter's formula {4.1) not at the least bifurcation point but at the next if the initial
deflection components proportional to the harmonic of the intrinsic form of this second
bifurcation point is predominant. The upper CL of non-axisymmetric buckling or an ideal shell
for A= 6 equals the value of the least bifurcation point p,= 0.772 according to /20/.
The next bifurcation point p;= 0.827 is located after the point p,. Assuming py = p,, we obtain
from (4.1)-{4.3) that the imperfection (5.3) does not influence the CL p, for m=1,n=3
since d= 0. Furthermore, assuming p,= ps we find d=0 and it follows from (4.1) that the
bifurcation point p; transfers into the limit point p.=0.742 for =001 and p,=0693 for
g = 0.02. The calculated values of ps, are less than p;. Therefore, it is not the lowest point
of bifurcation py; but the next bifurcation point ps after it that generates the upper
buckling CL of an imperfect shell. Naturally the upper CL is given by (4.1) for po=p 1in
the case of initial damage (5.3) for m=1, n=2.

The results of compuations for the initial damage (5.3) are represented in Table 4 for
m=2, from which it follows that in improvement in the smoothness of the initial imperfection
at r=0 results in a decrease in the discrepancy between the values of p* and p, for ident-
ical values of & In particular, it does not exceed 1.6% for §=005 and §E=01 for A=6
and does not exceed 3% for E=005 for A=T.
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Table 3
A EX102 n NXM P*X10° PyxA0° Ppx10°
5,53 1 1 20X8 702 717 778
5,53 3 1 20%8 637 650 778
5.53 5 1 20%8 586 599 778
6 1 2 10X6 693 689 772
6 2 2 10X6 645 640 772
6 10 2 10%6 453 385 772
6 1 3 12X6 746 742 826
6 2 3 12X6 698 693 826
7 1 3 23X8 654 647 758
7 2 3 23x8 595 582 758
7 1 4 23X8 702 698 810
7 2 4 23%8 644 632 810
Table 4

A Ex10? n PYX10° Pgx10?

[ 1 2 734 726

6 5 2 647 637

6 10 2 565 557

7 1 3 696 689

7 3 3 624 615

7 5 3 572 557

For n=1 we obtain from the boundary-value problem (2.9) and (5.2) for determining wy, fy

3
I'Yl"l——yl'—'z— Y, —¥Y, 4+ (B+08,)Ys=0
3
Yy — Yy — —Ya— (B +8)Yi=0
[V, =Yy, y=[Y1 = 2¥s’ —vY,l,_, =0
Y, =zw —wy, Ys=1zf' —f1
The values p, is found by using (4.1)-(4.4), and (5.2) but with the boundary conditions

at z=4A, replaced by the condition for z=0 /3, 4, 24/, and the functions g, 2, 4. t; replaced
by the following:

1 (
a@)=—73a Y g)=——G5Y"

1 1
1(2) = 55 (WYY, () = — 5 (Y

The results of computations of the upper CL p* and p, for a spherical shell for A =5.53
and the initial damage (5.3) for m=n=1 subjected to uniform external pressure are presented
in Table 3. 1In this case the values of p* and p, differ by not more than 2.3% for 1§]<0.05.

Consider the problem /11, 21/ of calculating values of the upper CL of an ideal isotropic
spherical shell subjected to external loads of the form T3(p, z,08) =4p + ncosnb, T, (p,z,0) = 4p(1 +
€cosnb), Ny =e=0 for 2<10® and w,=m, f=¢ for z>10% where ¢ and n are small scalar
quantities.

A system of non-linear differential equations with boundary conditions

1
Lowo = Lofo + — (wo'fy’Y — n®RinR (wn — ELp) + (5.4)
1 1
= "8 (wn — ELn) + = (@Wn —ELn)"Sfn + 4p
2 1 ’, ” 1 1 N
Lo* fo= — Lowy — — wy'wy" -+ 5~ n*(Rw,)* — 5 wn"Swy, +
1 1
i ELn" Swy - = Ewy,"SL, — EntRw,RL,
, n? 1 , 1
Swp=—Frwn' — S5 wn, Rwp=—Crwy' ——gwn, =0
wy = Ag + Boz?, fo= Co+ Doz (z—0)
[wy = wy’ = I‘1,0/‘0 = Fz,ofo]x—_—A =0
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1 .
Lyptwy = Lyfy -+ = (fo'wn” -+ wi/fn") + 0" Sfn + fo"Swy, — (5.5)
1
E— Fo'ln" — Efo" STy A dpe

1 1
LM m e Lty — = We'wn” — wy"S (wn'—Eln) +E 'y wo'Ln”

Wy = Apg® -+ Bpa™, o Cpa b Dpd™? (2 - 0)

[wy = w, = F]. nfn = ]‘2, ,,fn]x:A =0

was derived from {(5.1) for solving this problem in /21/, on the basis of the assumption that
components with the zero-th and n~th azimuthal harmonics play the main part in the cosine-
series expansions of the functions w and F.

Compared with formulas {(4.136)-{4.139) in /21/, components were appended here correspond-
ing to the n-th harmonic of the initial deflection in the form of the middle surface. The
expressions for Ty ,f. I, ,/fa are written by using (2.9) and (5.2).

The method of adjustment based on reduction to a Cauchy problem and tne determination of
the adjustment parameters Ad,. By, Dy, Apn, By, Cn, D, from a system of seven non-linear algebraic
equations corresponding to the boundary conditions on the right end, was used to solve the
boundary-value problem (5.4} and {5.5) in /21/.

We will describe what, in our opinion, is a simpler method of solving system (5.4) and
{6.5}). For p=p, let the vector-function V,= {w, (z.p), /o (z. p)} be known. Setting p:=p, +—Aap
and taking V, as the initial approximation of the vector-function {w, (z, p}, fo (z, P)}, we obtain
a linear boundary-value problem in wy, fn from (5.5), from which we find the vector-function
Uy = {wn™ (2, p), fn® (2, )} for == by finite~difference methods. Now, replacing {wn fn} by U,
we obtain a non-linear boundary-value problem for w,f, from (5.4) from which we find Vi, =
o (2, p), /¥ (2, p)}  for =1 by using Newtonian iterations and the method of finite dif-
ferences. Further, using V; instead of V,, we find ¢, from (5.5) and then taking account of U,
we calculate V; from {(5.4). We continue the iteration process for p=p + ap until the
solution of system (5.4) and {5.5) is found with a given degree of accuracy. After this we
obtain p = p -+ 2Ap etc. The method can be carried over to the case of shells of revolution,
including conical and cylindrical shells, with small changes in the boundary-value problems
(5.4) and (5.5%). This same algorithm can be realized analogously by using the adjustment
method /4, 21/.

Table 5
A n nx102 PEXIG BXIT 1 exipe PEX 10 pXAP
5.53 1 3 728 742 1 730 742
5.53 1 9 684 703 3 890 706
5.53 1 15 650 673 5 660 680
6 2 3 749 739 1 729 739
6 2 9 710 704 3 694 706
] 2 15 681 676 5 669 6882
Table &
n PFX10° pex 10 ppM X 10 pyxioe
2 722 691 716 ‘ 725
3 699 708 690 895

Table 5 shows the results of numerical computations of the upper CL of ideal isotropic
spherical shells subjected to external loads 7, {the left side of the table) and 7, (the right
side). Values of p* are calculated by (2.2)-(2.8) and values of p, by using the Lyapunov-
Schmidt method, where the load deviation from hydrostatic is taken into account as in /32/.
Values of ps in the case of the load 7, were determined by (4.1) but with ¢ replaced by n

and Ly, by

27 A A
« 1 ¢ ¢ n
Low =13 5 cos? nlwyadzd® = -7 | ponzds
e 0 [

In the case n=1 the expression for L&n is converted to the form

A
N n
Loy = — 3A4
0

Yyedz, Yy==zw, —wy
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by using the Dirichlet formula.
We obtain the bifurcation eguation for the load 7; in the form

X, = Logoity® -+ Lysp (P — Pod 4 + 41351‘3*001 +.o..=0
where Ly, and Ly, are given by {4.3) while the value of p, is found from the formula
{ps — po¥* = 6p, [ed} ¥ ~3b (5.6)

which is obtained from the solution of the system
X, =0, 9X,/op, =0

The simple iteration method was used in solving (5.6). The values of p* and p, differ
by not more than 3.5% for {n]<045 for the load 7, and by 3.1% for [e]<0.05 for the load
Tg.

Results of computations of the upper CL obtained by different methods are shown in Table
6 for an isotropic spherical shell subjected to an external load 7. for A =17, v=0.33, ¢=002.
In addition to the values of p* and p,, results are given for values of pp /21/ and values
of ppy calculated on the basis of the boundary-value problems (5.4) and (5.5) using the
modification of the method described above /21/. The results presented illustrate the efficiency
of the Lyapunov-Schmidt method and the method of /21/ in the case of buckling in one natural
shape.
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ON THE ANALYSIS OF THIN POROUS COATINGS*

E.V. KOVALENKO

A plane contact problem is considered for an elastic layer whose pores
are filled with a viscous incompressible fluid. It is shown that in the
case of a relatively small layer ({(coating) thickness its rheological
properties can be modelled by equations of the Fuss-Winkler foundation
with a bed operator coefficient (the analogue of the hereditary
elasticity equations). The case of the impression of a parabolic stamp
in a thin porous-elastic coating is investigated in detail. Asymptotic
formulas are obtained for the fundamental contact interaction
characteristics, namely, the settling of the foundation under the stamp,
the contact domain, and the contact pressure, which hold for short and
long times.

The experience of producing and using antifriction coatings in modern engineering results
in the need to control their structure and functional properties. Among such coatings one
should mention primarily porous-elastic coatings whose surface is antifrictional by virtue of
its ability to absorb cil and then to release it under loading. Moreover, the theory of the
deformation of porous-elastic bodies is convenient for describing a number of features of
material production by porous metallurgy methods /1/. The principles of this theory were

*ppikl. Matem.Mekhan. , 54,3,469-473,1990



